This paper considers three imprimitive distance-regular graphs with 486 vertices and diameter 4: the Koolen-Riebeek graph (which is bipartite), the Soicher graph (which is antipodal), and the incidence graph of a symmetric transversal design obtained from the affine geometry AG(5, 3) (which is both). It is shown that each of these is preserved by the same rank-9 action of the group 3 5 : (2 × M 10 ), and the connection is explained using the ternary Golay code.
Introduction
A (finite, simple, connected) graph with diameter d is distance-regular if, for all i with 0 ≤ i ≤ d and any vertices u, w at distance i, the number of neighbours of w at distances i − 1, i and i + 1 from u depend only on i, and not on the choices of u and w. These numbers are denoted by c i , a i and b i respectively, and are known as the parameters of the graph. It is easy to see that c 0 , b d are undefined, a 0 = 0, c 1 = 1, and that the graph must be regular with degree b 0 = k. Consequently c i + a i + b i = k for 1 ≤ i ≤ d and c d + a d = k, so the parameters a i are determined by the others. We put the parameters into an array, called the intersection array of the graph, Two important class of distance-regular graphs are the distance-transitive graphs, where a group of automorphisms of the graph acts transitively on pairs of vertices at each distance, and the strongly regular graphs, which are the distance-regular graphs of diameter 2. In this case, the parameters are usually given as (n, k, λ, µ), where n is the number of vertices, λ = a 1 and µ = c 2 .
A distance-regular graph is called primitive if its distance-i graphs are connected for 1 ≤ i ≤ d, and imprimitive otherwise; it is well-known that the only possibilities for such a graph to be imprimitive are either if it is bipartite, or it is antipodal, which occurs when then distance-d graphs consist of disjoint cliques (although both possibilities may occur in the same graph). An imprimitive distance-regular graph can be reduced to a primitive one by the operations of halving and/or folding: the halved graphs are the connected components of the distance-2 graph of a bipartite graph; the folded graph is the quotient graph obtained on the antipodal classes. An antipodal graph may be referred to as an antipodal cover of its folded graph. For further background, we refer to the book of Brouwer, Cohen and Neumaier [6] and the survey of van Dam, Koolen and Tanaka [12] .
The graphs of interest
In this paper, we are primarily concerned with the following graphs.
For a linear code C of dimension k in F n q , the coset graph has as its vertices the q n−k cosets of C, with two cosets being adjacent if they contain representatives at Hamming distance 1. The ternary Golay code G is a 6-dimensional linear code in F 11 3 , which is the unique such perfect code with minimum distance 5 (see [16] ); its coset graph is the Berlekamp-van Lint-Seidel graph, obtained in [3] , which is a strongly regular graph Γ with parameters (243, 22, 1, 2). The complement of Γ is strongly regular with parameters (243, 220, 199, 200). The automorphism group of Γ has the form 3 5 : (2 × M 11 ), with rank 3 (i.e. there are three orbits on ordered pairs of vertices); consequently Γ is distance-transitive.
The Koolen-Riebeek graph is a bipartite distance-regular graph ∆ with 486 vertices, diameter 4 and intersection array {45, 44, 36, 5; 1, 9, 40, 45}.
Described in the 1998 paper of Brouwer, Koolen and Riebeek [9] , its halved graphs are isomorphic to the complement of the Berlekamp-van Lint-Seidel graph. Its automorphism group has the form 3 5 : (2 × M 10 ), but as its rank is 9, the graph is not distance-transitive. In [9] , a description of the graph is given as the incidence graph of an incidence structure whose points are the cosets of the ternary Golay code G and whose blocks are a particular collection of 45-cocliques in the Berlekamp-van Lint-Seidel graph Γ. The (second) Soicher graph Υ is one of three distance-regular graphs given in Soicher's 1993 paper [19] . It also has 486 vertices, and has intersection array {56, 45, 16, 1; 1, 8, 45, 56}.
It is an antipodal graph; its folded graph is the unique strongly regular graph with parameters (162, 56, 10, 24), the second subconstituent of the McLaughlin graph. Soicher constructed the graph computationally, starting from the Suzuki simple group. Its automorphism group has the form 3 · U 4 (3) : 2 2 and has rank 5, so Υ is distance-transitive. In an unpublished manuscript, Brouwer showed that Υ is the only distance-regular graph with these parameters. (Brouwer's proof can be found in [7] .)
The bipartite, antipodal distance-regular graphs of diameter 4 are precisely the incidence graphs of symmetric transversal designs (also known as symmetric nets: see [6, §1.7] or [1] for details). From the affine geometry AG(n, q), one may obtain a symmetric transversal design by choosing two arbitrary points, then deleting each parallel class of (n − 1)-flats containing a flat through those two points (see [4, Proposition 7.18 ] for details). The incidence graph of this design has 2q n vertices and intersection array
These graphs are in fact distance-transitive: see Ivanov et al. [15] for an alternative construction from the projective space PG(n, q). However, they are not determined by their parameters: for example, there are exactly four graphs with the parameters of that arising from AG(3, 3) [17] , while more generally there are likely to be vast numbers of non-isomorphic graphs with these parameters (cf. [11, 13] ). In particular, from the 4-flats in AG(5, 3) we obtain a distance-transitive graph Σ with 486 vertices and intersection array {81, 80, 54, 1; 1, 27, 80, 81}.
The main result of this paper is that the graphs ∆, Υ and Σ can each be constructed from the same rank-9 action of the group 3 5 : (2 × M 10 ). At first, this was observed computationally, but we were later able to obtain a theoretical explanation of this observation.
Computer construction of the graphs
The first author, along with his students, has been developing an online catalogue of distance-regular graphs [2] , using the GRAPE package [21] for the GAP computer algebra system [14] . Typically, these graphs are obtained by providing a group of automorphisms, then using the EdgeOrbitsGraph function in GRAPE. To obtain constructions of the graphs Γ, ∆ and Υ to include in the catalogue, the following approach was used.
First, to construct the Koolen-Riebeek graph ∆, we use the fact that Aut(Γ) ∼ = 3 5 : (2 × M 11 ) is a primitive permutation group of rank 3. In the GAP library of primitive groups, there are in fact two groups of degree 243 with this structure. Using EdgeOrbitsGraph, we find that one is the automorphism group of Γ, and the other preserves a strongly regular graph with parameters (243, 110, 37, 60) (the Delsarte graph, which also arises from the ternary Golay code: see [10] ). Let G = Aut(Γ). Now, H = 3 5 : (2 × M 10 ) may be obtained as a maximal subgroup of index 11 in G in GAP. Next, since we want a transitive action of H of degree 486, we find the conjugacy classes of subgroups of H with index 486, and examine the actions of H on right cosets. We find that there are four such actions of degree 486, but only one has rank 9. Generators for this rank-9 action of H are given in the Appendix.
The VertexTransitiveDRGs function in GRAPE, using the technique of collapsed adjacency matrices described in [18] , determines the intersection arrays of distance-regular graphs with a given vertex-transitive group of automorphisms. The intersection arrays, and corresponding graphs, for the rank-9 action of H obtained are as follows: The edge set of each graph is obtained as a union of orbitals of H, i.e. orbits on pairs of vertices. Now, there is a single orbital of H where the corresponding suborbit has length 45; this orbital must give the edges of ∆, so we may use EdgeOrbitsGraph to construct the graph in GRAPE. We can also use GRAPE to confirm that the full automorphism group of ∆ is precisely H.
However, we notice that the intersection array ( * ) is precisely that of the second Soicher graph Υ. Since Υ is the unique distance-regular graph with this intersection array, then that must be the graph we have obtained here. In addition, we observe that the intersection array ( †) is precisely that of the graph Σ obtained from the 4-flats of AG (5, 3) . It is straightforward to construct Σ in GRAPE (beginning with the DESIGN package [20] to obtain the 4-flats in AG(5, 3)) and to confirm that the graph obtained from H really is isomorphic to Σ. To the best of our knowledge, the existence of either Υ or Σ as a union of orbitals of Aut(∆) was not previously known.
Orbit diagrams
The group H ∼ = 3 5 : (2 × M 10 ) has 9 suborbits, of lengths 1, 2, 20, 36, 40, 45, 72, 90, 180. To visualize how the three graphs ∆, Υ and Σ arise from the suborbits, we can examine their orbit diagrams. Each node corresponds to a suborbit, labelled by its size; the edge labels correspond to how many neighbours a vertex in a given suborbit has in the adjacent one. These edge labels are precisely the entries of the collapsed adjacency matrix of the graph relative to the group of automorphisms H (see [18, §2.3] ), which can be calculated in GRAPE. We also give the distance distribution diagrams for each of the three graphs. (The orbit diagram of ∆ is taken from [9] .) 
Explaining the connection
The ternary Golay code G is a 6-dimensional linear code in F 11 3 with minimum distance 5. Following [9] , it can be obtained from a generator matrix whose rows are the 11 cyclic permutations of (− + − + + + − − − + −) (where +, − denote the non-zero elements of F 3 ). Let V = F 11 3 and consider the quotient space W = V /G, whose elements are the cosets of G. Clearly, the affine space AG(W ) is isomorphic to AG (5, 3) ; the flats of AG(W ) are the cosets of subspaces of V containing G. Now, let F denote the set of 4-flats of AG(W ) which, when viewed as 10-flats in AG(V ), are the cosets of 10-spaces in V containing G but not G + e 0 (where e 0 , . . . , e 10 denote the standard basis vectors for V ). The number of such subspaces is
so there are 3 5 = 243 flats. By construction, the incidence graph of the points of AG(W ) (i.e. cosets of G) versus the collection F of flats is precisely the graph Σ defined above; in this construction, the neighbours of G are the 81 subspaces of V containing G but not G + e 0 . Now consider this collection of 81 subspaces; each subspace can be viewed as a 10-dimensional code in F 11 3 with minimum distance 1. Using Magma [5] , one can obtain the weight distributions of these codes, where there are two classes. There are 45 subspaces with weight distribution which we will refer to as Type II subspaces. Let T 1 and T 2 denote the sets of all Type I and Type II subspaces respectively. Using Magma again, we can calculate the setwise stabilizers of T 1 and T 2 in Aut(Σ): each of these is 2 × M 10 . Next, construct the incidence graph of the cosets of G versus the 10-flats F, where G is incident with the Type I subspaces, and a coset G + x is incident with the set of translates {U + x : U ∈ T 1 }. Another computer calculation (this time in GAP) verifies that this is the Koolen-Riebeek graph ∆. By construction, the group 3 5 : (2 × M 10 ) acts as automorphisms of this graph. The stabilizer of G in Aut(∆) is M 10 , which has five orbits on the cosets of G of lengths 1, 2, 20, 40, 180. Since G is a perfect code with minimum distance 5, each coset is given by a unique representative of weight 0, 1 or 2. Another computation in Magma shows that the coset representatives of each orbit can be described as follows.
Orbit size Coset representative 1 0 2 ±e 0 20
This action of M 10 has four orbits on the set F of 10-flats of lengths 36, 45, 72, 90: the orbits of lengths 45 and 36 are T 1 and T 2 , while the orbits of lengths 90 and 72 are formed of the cosets of the 10-subspaces in T 1 and T 2 respectively. We can therefore obtain a valency-56 graph on the same vertex set as Σ and ∆, by putting G adjacent to the 36 Type II subspaces and the 20 weight-1 cosets G ± e i (for i = 0), and then applying the action of Aut(∆) ∼ = 3 5 : (2 × M 10 ). But this is precisely the construction of the Soicher graph Υ given above.
An induced subgraph
The construction of the Soicher graph Υ from the ternary Golay code divides the vertices into two classes, i.e. the bipartition of Σ or ∆, formed of the cosets of G and the collection of 10-flats. It seems natural to consider the induced subgraphs of Υ on each of these classes; without loss of generality we consider that on the cosets of G. By our construction, we can see that G will be adjacent to the 20 weight-1 cosets G ± e i (for i = 0). From the orbit diagram in Figure 3 , by considering just those suborbits on cosets, we obtain a distance-transitive graph Λ with 243 vertices and intersection array {20, 18, 4, 1; 1, 2, 18, 20}.
Its distance distribution diagram, which is also its orbit diagram relative to 3 5 : (2 × M 10 ), is given in Figure 7 . This graph is also known: it is labelled (A17) in [6, §11.3H], where it is shown to be isomorphic to the coset graph of the shortened ternary Golay code (i.e. the code obtained from G by deleting a single co-ordinate from each codeword, and then keeping only those codewords that had a zero in that position), and to be an antipodal 3-cover of the coset graph of the truncated ternary Golay code (the Brouwer-Haemers graph [8] , the unique strongly regular graph with parameters (81, 20, 1, 6)). That Aut(Λ) ∼ = 3 5 : (2 × M 10 ) is mentioned in [7] . However, we believe that the observation that Λ is an induced subgraph of Υ is new.
Appendix: Generators of 3 5 : (2 × M 10 )
The generators a, b, c of H ∼ = Aut(∆) ∼ = 3 5 : (2 × M 10 ) were obtained from the GAP output of the computations described in Section 3. A suitable permutation in Sym(486) was used to obtain a conjugate labelled so that the bipartite halves of ∆ were labelled 1, . . . , 243 and 244, . . . , 486.
